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2. Vektorova metoda kinematickej analyzy VMS

e Analyza polohy ¢lenov VMS,

e Newton-Raphsonova iteracna metdda.

o Konvergencné predpoklady.

e Prinosy modifikovanej Newton-Raphsonovej iteraénej metody.
e Analyza rychlosti a zrychleni bodov a ¢lenov VMS.

Kinematicka analyza

Cielom kinematickej analyzy daného rovinného mechanizmu pre
predpisany pohyb vstupného hnacieho ¢lena/Clenov je urcit’ Casovy
priebeh poctu d=2k+s, zavislych stradnic polohy vystupnych
¢lenov, kde k je pocet zdkladnych sluciek a s, je pocet spojeni
triedy t=1.

Poskladanie mechanizmu Prvym krokom pred numerickou kinematickou analyzou daného

Sluckové rovnice

rovinného mechanizmu so znamymi zaciatoénymi hodnotami
zavislych suradnic polohy ¢lenov a konstantnou hodnotou suradnice
polohy vstupného hnacieho ¢lena je poskladanie mechanizmu vo
vychodiskovej konfiguracii s predpisanou toleranciou v podmienke
uzatvorenosti zéakladnej slucky ¢lenov.

Na urcenie ¢asového priebehu poctu d zavislych suradnic polohy
vystupnych ¢lenov je potrebné zostavit pocet d linearne
nezavislych algebrickych rovnic podla typu mechanizmu:

V rovinnom uzatvorenom mechanizme s rotanymi R a posuvnymi
P spojeniami je pocet s, =0, potom pocet d=2k priebehov
nezndmych zavislych suradnic polohy vystupnych clenov urcime
zpoctu d =2k explicitnych skalarnych slu¢kovych rovnic, ktoré
ziskame priemetom vektorovych slu¢kovych rovnic do smerov osi

XV
K ~¥h =0, j=1,2,...k, i=1,2,..p,
i=1

kde p, je pocet orientovanych stran mnohouhlolnika ziskaného
z kinematickej schémy daného rovinného mechanizmu.

V rovinnom uzatvorenom vackovom mechanizme s korektnym
prekizajucim K spojenim (geometrickou vizbou) typu t=1,
v ktorom sa vzajomne dotykaju hladké povrchy prvkov clenov
j=2 and j+1=3, je potrebné doplnit’ poctet d =2k explicitnych
skalarnych sluckovych rovnic o pridavni  explicitnu skaldrnu
sluckovu rovnicu

Vingen ~Vin; = b7, kde
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Wini =Wy tW, Vv, a ¥, =(X,,X;) st globalne stradnice polohy
¢lenov auhol y, =<(x;,p;), kde p; si nositelky danych

polohovych vektorov T; =F,(y,,), ktoré definuju tvar stykajacich

i
sa povrchov auhly v, =<(r,n;) zvierajii polohové vektory T,
s vonkaj$imi normalovymi vektormi ;.

Uhly v, vyplyvaji zdaného tvaru kontaktnych kriviek podla

dvojargumentovej funkcie v, =arctg,(y/x), so znamienkom

priemetov y a x v kvadrantoch jednotkovej kruznice.
Sucinitel b vyplyva zvychodiskovej polohy dotykajicich sa
povrchov.

Obr.1 Prekizajuce K spojenie vo vaékovom mechanizme.

e In a planar closed mechanism the closed rolling joint V is of class
t =2, but singular configuration of adjacent links j and j+1 with

mating circular shapes causes that rolling joint is incorrect, partially
passive, with number n =1 of uneliminated degrees of freedom.
So actual mobility ng of mechanism with number r, of closed
rolling joints is then

ng=n+ry Ny

where n is mobility of mechanism evaluated under assumption of
its correctness.
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Priklad

In a planar closed mechanism with open rolling joint V each open
rolling joint V should be transformed into closed rolling joint
imposing the auxilliary fictive binary link into mechanism. Each
basic loop in mechanism with closed rolling joints of links with
circular shapes degenerates into abscissa.

Because the number d=2k+s, of dependet global position
coordinates have to be determined, it is necessary add to the
number d =2k of explicit scalar loop constraint equations one
auxilliary explicit constraint equation of pure rolling condition
resulting from basic equation of planetary (epicyclic) gear train
Reo e =R, +Ro) o R0,

where

R is diameter of sun gear with angular velocity o ..,

R, islength of arm (spider, or carrier) rotating with angular
velocity @, ,

R, is diameter of planet gear with angular velocity @ ;.

Ulohou kinematickej analyzy klukového mechanizmu podavaca
zobr. 2 je urcit’ casovy priebeh zavislych globalnych suradnic v, .,
i=1,2,...,d polohy ¢lenov

Wa=Vis> W =P

Celkovy pocet m globalnych suradnic

v,,1=12,..,m,kde

m=n-+d,

n je pocet nezavislych globalnych suradnic polohy hnacich ¢lenov
(n je zaroven pohyblivost mechanismu)

v,.,1=12,..,n

d je pocet zavislych globalnych suradnic polohy ¢lenov
v,,1=12,..,d.

The total number m of global relative position coordinates
v,,1=1,2,..m of the links is a sum m=n+d where n is number

of independent global position coordinates of input links y .,
i=1,2,..n , (v, =vy,; In our example) while n is mobility of
mechanism and d is number of dependent global position
coordinates of the links y,., 1i=1,2,...d, (v, =5, ¥, =p,, In

our example).
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Obr.2 Vychodiskova konfiguracia ¢lenov kI'ukového mechanizmu podéavaca v Case t =t .

Slu¢kové rovnice

Viazobné rovnice

Pz (te)

In our sigle loop slider crank mechanism from Fig.2 the closure
condition of polygon is

p

N5

h.=0,i=12,..p, (1)

i=1

where p, is the number of oriented edges Ei in the polygon related

to given planar mechanism and h,=p,. Then vectorial loop
equation according to direction of adding is

'hl + Hz + h3'514 =0 ()

After multiplying Eq. (2) by unit vectors Tl Jj , we obtain scalar

constraint equations as the projections of vectors into axes X,,y,

—h,ca, +h,ep,, +hyey; —pyyca, =0 3)
—hsay +h,sy, +hysy, —pysa, =0 “4)

where o, =<(x,,y,) and o, =<(X,,X,)

Using arithmetic vector notation we can write scalar constraint
equations (3), (4) in the form
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Assembly process

Newton-Raphson

Linearizacia

Rezidua

Jakobian

£~ W, ) =0, i=12,..d (5)

It is always possible to determine the time course for number d of
unknown dependent global position coordinates y,,, 1=1,2,....d of

output links in the arithmetic vector 7, =[y, ,....y,, | for known
arithmetic vector 7, =[y,,,....y,, | of independent global position

coordinates of the input links, where n is mobility of mechanism,
solving nonlinear algebraic constraint equations (5) by numerical
Newton-Raphson (N-R) iteration method.

The very first step in the kinematic analysis of given mechanism is
the assembly process with prescribed tolerance for closure
condition in the initial configuration of mechanism (see Fig.1)
when input independent global position coordinates at the time
t=t, are constant.

The goal of the N-R method is to find the root v, of a function (5),
that is to find new w,,, such that f(1/72(2)) =0 if one knows the

value of previous v/, for f W) =0 and the value of all the

of W) OSW)

ow, = ow}
computing all the derivatives, the series is truncated after the first
derivative. The assembly process is repeated until the difference
between two successive approximations is less than a small number
& representing prescribed tolerance.

partial derivatives etc. Rather than

In the initial configuration of a mechanism the nonlinear algebraic
constraint equations f = ’_fl,...,fd_l can be linearized by linear

terms of Taylor series approximation in a summation with residuals

Jo

f = ﬁr) + I/(r)A l/72 (r) (6)
where r is the number of iteration step,

residuals f(r) are obtained after introduction of the arithmetic vector
¥, of estimated position coordinates into constraint equations (5),

matrix ¥, is Jacobi matrix of the rank (d x d)

Vm{i} ,i=1,2,..,m,and j=12,..d (7)
l//zj )
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Korekcie

Numerické rieSenie

Kinematicka analyza

and Ay, is unknown arithmetic vector of corrections. The

arithmetic vector of nonlinear algebraic constraint equations is
f =0 after introducing the exact solution y/,. It stands to reason

that residuals ]_‘(r) are nonzero 17@) #0 after introducing the
arithmetic vector w,, of estimated dependent global position
coordinates into constraint equations (5), then also f #0.

The arithmetic vector ¥, ,,, will be the accepted solution, if the

norm H S| of residuals satisfy condition H me < &, so maximum

residual from all residuals is less than a specified tolerance ¢ . This
can be achieved by iteration process of converged (N-R) method

1/72 (r+1) = 1/72 (r) + A'/72 () * r= 1,2,...,]3 (8)

of corrections satisfy

which will be finished, if the norm [A g7,

the condition

a7, | <e )
where & is prescribed tolerance. Then set v, ., of dependent

global position coordinates satisfies all constraint equations (5).

In our example on Fig.l the constraint equations (3),(4) are
linearized according to Eq.(6)

13 14

of of,
f, = fl(l) +H AW13(1) + — Ap14(1) (10)
0 ()] @)

of of
f,= fZ(l) + —2- A‘//13(1) + —= Apl4(1) (1T)
0 1) QY]

13 14

For updation of dependent global position coordinates ¥,;,,, P40

in second iteration step and improvement of initial estimation
Y30y Piaqy» there are used corrections Ay, , Ap,,, obtained

solving linear equations (10), (11)

Viso) =WVisay T AV/B(I) (12)
Py~ Py + A1314(1) (13)

The goal of the position-level kinematic analysis is to find y,(t,)
for increment iny (t,)=w, (t,)—w,(t,) of input independent
position coordinates (see Fig.2) corresponding to the defined time
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step h=t,-t,. The vector y (t,) obtained from assembly process

at the time t =t, is now the estimate for N-R method.

X "O'\
A Vi 3 ~
N
B(ty) = Oyulty) / .
PART 1 i S (X1) = Xa
< " —< >
©)=C _ B(ty) ~ Wis(ta)
e P 1a(ta) <~
ha(t)) = p 1a(ts) Alts) = Os(ts)
4 -~ )
/// Wialty)
hy PART 2t;) .-~  PAR3M)
//
B Aty) = Os(ty) 1)
L ! u
PART 2(t,)

Ll

X1

PART 1

Fig.2 Konfiguracie ¢lenov kl'ukového mechanizmu podavaca v ¢asovych krokoch t,, t,.

Analyza polohy Goal of the position kinematic analysis of the given planar
mechanism with known arithmetic vector =|_l//n1,...,l//nn—l of
independet global position coordinates of the input link/or links is
to determine the time course for number d=2k+s, of unknown
dependet global position coordinates of ouput links in the arithmetic
vector ¥, :]_l//zl,...,l//zd—‘ solving nonlinear algebric constraint
equations  f,(¥,,,...¥,4) =0, 1=1,2,...,d by numerical iteration

Newton-Raphson (N-R) method.
In the initial configuration of mechanism the nonlinear algebric

constraint equations f can be linearized by approximation with the
sum of residual functions f(r) obtained by introducing the
arithmetic vector w,, of estimated dependet global position

coordinates (r is number of iteration step) and linear terms of
Taylor series f = f, +V,, Ay, , where matrix V,, is Jacobi
matrix of the rank (d x d )
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Vir ={i:l , i=1,2,.,m,and j=1,2,.,d, and Ay, is
oy .
7o)

unknown arithmetic vector of corrections.

The arithmetic vector f of nonlinear algebric constraint equations
is f =0 after introducing the solution ¥ _, but = j_”(r) , j_f(r) =0
(residuals) after introducing the arithmetic vector y/_,,
dependet global position coordinates. The arithmetic vector v,

will be the accepted solution, if the norm Hf(’)u of residuals satisfy

of estimated

condition H f(r)H < &, so maximum residual from all residuals is less

than a specified tolerance ¢. This can be achieved by iteration
proces of converged numerical Newton-Raphson method

W.oipy =Wy + M., » which will be finished, if the norm A7,

of corrections satisfy the condition HA@@) <& where ¢ is

prescribed tolerance.

Reprezentacia modelu a metody jeho analyzy v programe MSC.ADAMS
Analysis methods and model representation in ADAMS (T. J. Wielenga)

AKké st zakladné kroky v algoritme rieSenia sustav nelinearnych

algebrickych rovnic Newton — Raphsonovou itera¢nou metédou a aké su

dovody a vyhody tohto postupu?

Zo sustavy rovhic G (¥) =0 uvazujeme na ilustraciu len jednu rovnicu G(x)=0, ktora ma
rieSenie x, teda G(x;)=0.

Postup rieSenia prebieha podla nasledovnych krokov:

1. krok

2. krok

Urobime odhad x, zac¢iato¢nych hodnot zavislych premennych.

Nelinearnu rovnicu G(x) =0 aproximujeme prvymi ¢lenmi Taylorovho
radu. Podstatou tejto linearizacie je Newtonova metdda aproximacie krivky
priamkou.

Sklon doty¢nice vyplyva z goniometrickej funkcie

ta—ﬂ
SRNe

oG

G—Gl :a—x(x—xl)

oG

-G, (x1) = a_xAxl

¢len -G, (x,)je zvySok (reziduum)
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G je Jakobian
Ox
Ax, je korekcia

3. krok Faktorizacia Jakobianu na trojuholnikové matice L,U
4. krok Vypocet korekcie Ax, doprednou a spitnou substiticiou
5. krok Novy krok iteracie x, = x, + Ax,

Notes on Newton Rhapson Method

The Newton-Rhapson method is based upon the idea that the value of a function f(x) at x=b
can be calculated if one knows the value of f(a) and the value of all the derivatives f'(a), f"'(a),
etc. This is known as a Taylor Series

f(b) = f(a) + f'(a)(b-a) + f'"'(a)(b-a) _ +...

The goal of the Newton-Rhapson method is to find the root of a function, that is to find b,
such that f(b)=0. Rather than computing all the derivatives, the series truncated after the first
derivative and the approximation is repeated until the difference between two successive
approximations is less than some small number. Thus one only needs to know the form of the
function f(x) and its first derivative f'(x). Let the first approximation be at x= x0. Then, we
can approximate the new value at x = x1 by

f(x1) = f(x0) + f'(x0)(x1- x0)

Now if we assume that f(x1) = 0, we can rewrite this as

0= 1f(x0) + f'(x0)(x1- x0)

By some straightforward algebra

x1=x0-(f(x0)/f(x0))

or in general

xn+1= xn- (f(xn)/f’(xn))

This is repeated until the difference between two successive approximations is very small
abs((xn+1 -xn)/xn) < e

where e is some small number.

There are various constraints on convergence, including the fact that the function f(x) must be

somewhat well behaved, however for our purposes, we can defer these questions to our
mathematican friends.
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Example

Find x, such that f(x) = x/ - 200 = 0 when x=b, i.e. the cube root of 200. The first derivative is
f'(x) = 3x_

making our first guess x0=5, f(5) =-75 and f'(5) = 75, so x1 =5 - (-75/75) = 6.
Completing the problem using a spreadsheet.

n xn f(xn) f'(xn) xn+1 (xn+1 - xn)/xn

05.0-75.75.6.0.2

16.016.108.5.852-2.5E-03

2 5.8520.391810 102.732 5.848 -6.5 E -04

35.848 2.55E -04 102.599 5.848 -4.2 E -07

Thus the answer converges to 5.848. On my HP calculator to 7 digits the answer is
5.8480355.

Prinosy modifikovanej Newton-Raphsonovej iteracnej metody.
http://math.fullerton.edu/mathews/n2003/NewtonAccelerateMod.html
http://ecs.fullerton.edu/~mathews/numerical.html

Kniha: Numerical Receipes in Fortran 77, Umenie vedeckych vypoctov

Analyza rychlosti a zrychleni bodov a ¢lenov VMS.

http://atc.sjf.stuba.sk/mechanika vms vypoctove cvicenia.html
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