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Lecture 4: Cauchy’s-Poisson's decomposition of general planar
motion of a part in the multibody system

Sections in Lecture 4:

S1 Cauchy’s-Poisson's decomposition of general planar motion of the body to the
fictive translation represented by reference point and to the fictive rotation about
reference point.

S2 Development of general formula for time derivation of the vector expressed in
different spaces.

S3 Equations of centrodes k., k,,

S1 Cauchy’s decomposition of general planar motion of the body to the fictive
translation represented by reference point and to the fictive rotation about
reference point.

Position The position of the point B, from PAR 3 (coupler in the

piston—crank mechanism) wrt PAR 1 (ground) is given by
vector equation

r831 - rA31 +TBA (1)

Fig.1 Graphical depiction of Cauchy’s-Poisson's decomposition of general planar
motion of a body in the multibody system
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In generally, the time derivative of radius vector, expressed in
the space {a}, in the same space {a}, is velocity vector

expressed in the space {a}. In the equation (1):

Mo = T,

reference space of tr}e framcla 1. Then by time derivative of
equation (1) [Tay]i=[ras]i*[sa]; We obtain vector equation

(2) for instantaneous velocities

v B31 = VA31 TV BA31

Equation (2) is known as Cauchy’s (1827)-Poisson's (1834)
decomposition of general planar motion 3/1 to the fictive
translation 3/1, represented by reference point A, when

uuu uuuua

abscissa AB is displaced from its initial position A B, to the

uuuuuuuua

intermittent position A,(B,); and then is displaced from the

uuuuuuuua uuuuu

position A,(B,); to the final positionA,B, by the fictive

rotation 3/1 about reference point A .

Time derivative of rotating position vector T, expressed in
the space {3} is Euler's instantaneous circumference

velocity

Veast = Oz Iga

uuuuuuuua

of the point B wrt A during fictive rotation of A,(B,), about

reference point A in the position A, .

T Tga all vector quantities are expressed wrt
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Fig.2 Graphical construction of vector equation Vg, =V, +Vg,y -

Graphical method For given velocity Vv,,, we can apply the graphical
construction of vector equation Vg, =V, +Vg,,, -

Acceleration Acceleration ag, of the point B, we obtain by time derivation

of velocity equation [Vyy, | 1= [Vay] ;+%((7331’ Ton)

Apg T g T0y Ty TOy Vg, 4)
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S2 Development of general formula for time derivation of the vector expressed
in different spaces.

Position of the P

The coupler PAR3 from slider crank mechanism on Fig.3 is
performing general motion 3/1 wrt PARL1. In the
instantaneous initial position KJ:I%Z the point C from coupler
PAR3, CI 3 coincident with instantaneous slew centre C° 31
has instantaneous zero velocity V., =0. The radius vector of
position of the virtual point P (instantaneous slew centre 31)
wrt origin O, of global coordinate system representing the

PARL1 is given by vector equation

PAR1

VP =EVezZ=EU

Ter = Taz ¥ Tes (1)
B, PAR4 A
':1? ) @,
! B
V A3
ot

Fig.3 Slider crank mechanism with fixed k., resp. movable k,, centrode.

Velocity of the P

When we want to obtain the instantaneous velocity of virtual
point P during displacement of virtual point P along fixed k,

resp. movable k,, centrode, it is necessary to differentiate
equation (1) in the space {1}:

(7] =] ersl] Tl (2)
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(L

dt

The radius vector T,, is expressed in the space { 3}
TP3 = (TP3 Xi_3)T3 + (TP3 XT3)T3 (3)

so time derivative [TF,3]'1 of radius vector T, in different space
{1} requires a development of a general rule. Let us denote

Xi (4)
Mgy = Tos X3 %)

the coordinates of the radius vector T.,. Time derivative of
the coordinates rp,, and ry, of radius vector T, are
coordinates vy, , and v, of instantaneous velocity V,of
point P resp.

d

Vs = a  pax (6)
d

Vey = gt e (7)

then we obtain
di. . d _ dj,
d—t3+(arpsy)13+rP3yT (8)

rP3><)|3 + rP3><

Differentiation of unit vector i,, resp. |, rotating by angular
velocity @, wrt time is equal to the cross product

di, _ .-

d_t3 =05 g 9)
resp.

di. _ .-

f =05 3 (10)

Then we can write the equation (8) in the form
[TPB] = [Tps] sty Teg (12)

Forasmuch as
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Generalization

[Tea] 5= Ve (12)
and as can be seen on Fig.1
O Tog=- Vg (13)

after substituting (13) into equation (2) we obtain vector
equation for velocities

\_/Pl = \_/A31 + \_/PS “Vazn (14)

from which yield that velocities V,, resp. Vv, of virtual point

P displacement along fixed, resp. movable centrodes wrt
space {1} are equal.

Ve, =V, =T (15)

The line of action of the velocity U is a tangent t, of
centrodes k., and k.

Task for development of time derivative of a vector quantity
To, in different space {b}like the space {a in which is

expressed, can be generalized according to the Equation (11)
[TP3] ;-: [TP3] :?,+ (7331, Tp3 |nt0 fOl‘m

[TPa] b= [TPa] at 0y To, (16)

where the time derivative of vector quantity T,, in different
space {b} like the space {a} in which is expressed, is a sum
of time derivative of vector quantity T,, in the same space
{a} and cross product of angular velocity between spaces
{a} ,{b} with vector quantity T,, expressed in the space {a} .

S3  Equations of k,,k,

Equations of k., k,,

Let us apply the equation Vg, =V,, +V,,,, Of the Cauchy’s-
Poisson's decomposition of general planar motion 3/1 for
point CT 3:

Vear = Vaz T Vean (17)

Taking into account that C° 31, the instantaneous velocity
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Ves =0

and the Euler's instantaneous circumference velocity V.,,, of
fictive rotation of radius vector T, about reference point A

V

cast — Dz Tpg

Cross product of the Eq. (17) from left side by ., is then

0=0yXV,q + 0y (0g Tpg)

After realisation of double cross product we can isolate the

radius vector T,

— 03 Vam
P3 2
O3

When all vector quantities in the Eq.21 are expressed in the
space { 3}, then locus of end points of the radius vector T,,

is movable centrode k,, (see Fig.1) and Eq.21 is equation of

the movable centrode k|,

1 i3 T3 k3_
Tog = 0 0k,

2
® - -
Nl T o9
Vagrr iz Vagels 0

Let we substitute radius vector T,, from Eg.21 into Eq.1:
T, =Tag + T @nd let us express all vector quantities in the

space {1}
1 i_l Tl k 1
Tpy = Tay + NE 0_ 0_ 1K,
. Vag-ly Vg 0

then locus of end points of radius vector T, is the fixed
centrode k., (see Fig.3) and EQ.23 is equation of fixed

centrode k.
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